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In this work, the concept of crack energy density (CED) was extended so as to be applied to piezoelectric material and
its fundamental matters and properties were studied, and taking the knowledge about it into consideration, energy release
rate for the material was newly derived. The deﬁnitions of CED, its mechanical and electrical contribution are given ﬁrst
and their path independent expressions are derived through the electromechanical energy conservation law. Subsequently,
the loading path dependence of mechanical and electrical CEDs is discussed in detail. Some supplementary quantities relat-
ed to CED and energy release rate are also deﬁned and their path independent expressions are given. Energy release rate is
derived through two opposite limit procedures, and the relations between energy release rate and other parameters are elic-
ited through the discussions based on the fundamental properties of energy release rate.
 2006 Elsevier Ltd. All rights reserved.
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Due to their inherent electromechanical coupling eﬀect, piezoelectric materials have been widely used in
various ﬁelds. As with most ceramic materials, a signiﬁcant disadvantage of piezoelectric ceramics is their fra-
gility, thus concerns for reliability and durability of these materials have raised much attention to their
strength and fracture recently. However, there seem to still remain many problems to be solved regarding their
fracture process, particularly the eﬀects of electric ﬁeld on fracture. As a matter of fact, it seems that fracture
parameter itself to describe crack behavior has yet to be established clearly.
One of the most important and basic issues in fracture problems of piezoelectric materials is the very fracture
parameter, thus a considerable number of studies have been conducted in the past decade or so. Pak (1992) and
Suo et al. (1992) generalized J integral for piezoelectric solids and found that the integral works, when it is
employed as fracture parameter, so as to impede crack growth by the applied electric ﬁeld regardless of its direc-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.029
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B.-G. Nam, K. Watanabe / International Journal of Solids and Structures 44 (2007) 3904–3919 3905tion. This, as pointed out by Park and Sun (1995), contradicts available experimental results. With the help of
their experimental results, Park and Sun (1995) proposed to use only the mechanical part of the energy release
rate as a fracture parameter just on the ground that fracture is a mechanical process. However, they could not
explain the reason completely why only the mechanical part should be used. Nevertheless, there is no denying
that crack extension is amechanical process concernedwith stresses and strains around crack tip. Some research-
ers attempted to utilize the strain energy density theory to develop the fracture criterion for piezoelectric solids
(Shen and Nishioka, 2000; Zuo and Sih, 2000; Soh et al., 2001). Recently, energy release rate due to the intro-
duction of an elliptical cavity inclusion was newly calculated (McMeeking, 2004) and relationship between the
energy release rate and the J integral was discussed (Gao et al., 2004). However, despite these various trials with-
in the framework of linear theory, no fracture parameters have been proposed seem to have succeeded in describ-
ing the eﬀect of applied electric ﬁeld even qualitatively. Thus, some researchers tried to settle such problems by
considering electrical nonlinearity such as electrical saturation or domain switching. For examples, Gao et al.
(1997) suggested a criterion based on the local energy release rate using an electric strip saturation model that
was an extension of the classical Dugdale model (1960). Then, Fang et al. (2000) proposed a criterion based
on energy balance with the consideration of domain switching dissipation. However, these just a little bit
improved the situation and cannot completely explain the experimental results. The problems remain unsolved
and there seems to still exist little agreement even on the fracture criterion of the materials.
We wonder what causes the above situation. The authors thought, as one of the reasons, of the lack of the
concept of crack energy density (CED). The CED is the fracture parameter that was proposed by Watanabe
(1981) as the parameter applicable without any restrictions on constitutive relation and it has been shown to
enable us to make a uniﬁed description of crack behaviors from linear to nonlinear problems for ordinary
materials (Watanabe, 1981; Watanabe, 1983; Watanabe, 1985a; Watanabe, 1985b). Therefore, the corre-
sponding quantity for piezoelectric materials may play an important role to solve the problem.
It is our ﬁnal goal to reveal the inﬂuence of the applied electric ﬁeld on fracture based on CED and this
paper, as the ﬁrst step, aims at giving the fundamentals of CED-based fracture mechanics for piezoelectric
materials. In the ﬁrst part, the fundamental matters of CED for piezoelectric materials are studied. Extending
the procedure for ordinary materials to piezoelectric materials, CED and its derivatives for piezoelectric mate-
rial are newly deﬁned and their path independent expressions are given by using electromechanical energy con-
servation law. Then, some important properties of CED are discussed and some other quantities related to
CED are also introduced. Subsequently, energy release rate is newly derived and the relations to other param-
eters are discussed in the second part, taking the knowledge about CED in the ﬁrst part into account. As men-
tioned above, energy release rate together with J integral has been extended to piezoelectric material and
utilized as a major fracture parameter from the beginning (Pak, 1992; Suo et al., 1992). Although the authors
consider that the parameter should be major is not the energy release rate but the CED, the relationship of
energy release rate with CED and its derivatives are discussed in detail since it has been tried so frequently
to apply the energy release rate to the problems.
In fact, it is well known that this kind of problem should be considered as the electrical inclusion problem
since the dielectric constant of air or vacuum inside the defect is not zero. The impermeable (Deeg, 1980; Pak,
1992) and permeable boundary conditions (Parton, 1976; Mikhailov and Parton, 1990) are actually two
extremes of the realistic boundary conditions corresponding to exact boundary condition (Dunn, 1994; Sosa
and Khutoryansky, 1996). Although we deal with only impermeable condition to make the problem simple in
this paper, this subject in addition to electrical nonlinearity might be one of the keys to reveal the inﬂuence of
applied electric ﬁeld on fracture, and the results for those subjects based on CED concept will be discussed in
subsequent papers.
2. CED for piezoelectric material
2.1. Deﬁnition of CED
Let a notch with suﬃciently small root radius q as shown in Fig. 1 be the model for a crack and consider the
model of q = 0 ordinarily employed as the limit when q approaches 0. The CED for a piezoelectric material is
deﬁned, letting X1 and X2 be coordinate axes taken as shown in Fig. 1, by
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Fig. 1. Piezoelectric body with a notch-type crack.
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Db!0
Z
DV b
W dV
 
Db ¼ lim
Db!0
Z aþDb
a
Z
CðX 1Þ
W dX 2
 !
dX 1
,
Db ¼
Z
CðaÞ
W dX 2 ð1ÞHere, V is the volume of the body and DVb is the volume of the region, of which the length in X1 direction is
Db, surrounded by broken line in front of crack tip; C(X1) and C(a) are a semicircular path in front of notch-
like crack tip and the semicircular path along notch-like crack tip, respectively, in Fig. 1. Note that unit thick-
ness is considered in the direction of thickness. W is the quantity, that may be called extended strain energy
density, deﬁned byW ¼ W M þ W E
W M ¼
Z t
0
rij deij; W E ¼
Z t
0
Ei dDi
ð2Þwhere rij, eij, Di and Ei are stress, strain, electric displacement and electric ﬁeld, respectively. The integral
means to integrate from time s = 0 for initial state to present time s = t along actual loading path and the same
goes for hereafter. Therefore, the CED for piezoelectric material physically means the work, expressed per unit
area in the crack plane, done at the crack tip during electromechanical deformation in the similar manner for an
ordinary material (Watanabe, 1981). Since W is deﬁned as the sum of its mechanical contribution WM and
electrical contribution WE, CED is expressed byE ¼ EM þ EE
EM ¼
Z
CðaÞ
W MdX 2; E
E ¼
Z
CðaÞ
W E dX 2
ð3Þas the sum of its mechanical part EM and electrical part EE. Hereafter, we call EM and EE the mechanical CED
and the electrical CED, respectively. The CED for the crack model of q = 0 is deﬁned, as the limit when q
approaches zero, byEðcÞ ¼ lim
q!0
E ¼ lim
q!0
Z
CðaÞ
W dX 2
EMðcÞ ¼ lim
q!0
EM ¼ lim
q!0
Z
CðaÞ
W MdX 2
EEðcÞ ¼ lim
q!0
EE ¼ lim
q!0
Z
CðaÞ
W E dX 2
ð4Þwhere the superscript (c) means the quantities deﬁned for the crack model of q = 0.
The authors would like to say over that, as is known from the ﬁrst relation in Eq. (1), the CED is the quan-
tity of which physical meaning is always ‘‘the work, expressed per unit area in the crack plane, done at the
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noted that the last form in Eq. (1) for notch-like crack tip that may be familiar to the readers (since the form
appears for ordinary materials in the paper by Rice (1968)) was newly positioned as the CED for piezoelectric
materials.
2.2. Path independent expression of CED
2.2.1. Electromechanical energy conservation law
Here, we derive electromechanical energy conservation law for piezoelectric material that becomes the basis
for derivation of path independent expression of CED in the next section.
Consider a piezoelectric continuum that has been electromechanically loaded from natural state at time 0 to
present time t and in which the state shown in Fig. 2 is realized at present. S is an arbitrary closed surface as
shown in the ﬁgure and Vs is the volume of the region surrounded by S. Inside Vs or on S, the following rela-
tions hold at any time:rij;j þ fi ¼ 0; rij ¼ rji; Di;i  qb ¼ 0
eij ¼ 1=2ðui;j þ uj;iÞ; Ei ¼ /;i in V s
T i ¼ rijnj; qs ¼ Dini on S
ð5Þwhere ui, fi and Ti are displacement, body force and traction force, respectively, and /, qb and qs are electric
potential, free charge and surface charge, respectively, ni is outward unit normal vector on S. Since these rela-
tions always hold at any point inside Vs or on S, the relation asZ
V s
ðrij;j þ fiÞdui  /dðDi;i  q bÞ
 
dV s þ
Z
S
ðT i  rijnjÞdui þ /dðDini þ qsÞ
 
dS ¼ 0 ð6Þholds corresponding to time elapsed ds. Applying Gauss theorem and performing integration by parts, this
relation is transformed asZ
V s
ðrij deij þ Ei dDiÞdV s ¼
Z
S
ðT i dui þ /dqsÞdS þ
Z
V s
ðfi dui þ /dqbÞdV s ð7Þand, taking Eq. (2) into account, the energy conservation law corresponding to the change from time 0 to t is
obtained as follows:Z
V s
W dV s ¼
Z
S
Z t
0
ðT i dui þ /dqsÞdS þ
Z
V s
Z t
0
ðfi dui þ /dqbÞdV s ð8ÞSubsequently, taking the gradient of this relation with respect to the position of Vs, the relation asiT
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Fig. 2. Piezoelectric body under electromechanical loadings.
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V s
W ;k dV s ¼
Z
S
Z t
0
ðT i dui þ /dqsÞ;k dS þ
Z
V s
Z t
0
ðfi dui þ /dqbÞ;k dV s ð9Þis obtained. Moreover, applying Gauss theorem and letting the expression given by displacing the right-hand
side of the equation to the left-hand side denote by wk, the following relation is derived:wk ¼
Z
S
Wnk 
Z t
0
ðT i dui þ /dqsÞ;k þ ðfi dui þ /dqbÞ;k
n o 
dS ¼ 0 ð10ÞThis has the meaning of the gradient of energy conservation law given by Eq. (8), that is, the diﬀerence per unit
distance between energy conservation law for Vs and that for the region occupied by parallel shift of Vs by DXk
(k = 1,2,3) shown in Fig. 2. Here, this relation can be expressed in various ways, and utilizing the relations of
Eq. (5) and Gauss theorem etc., it can be transformed aswk ¼
Z
S
ðWnk  T iui;k  /qs;kÞdS

Z
V s
ðfiui;k þ /qb;kÞ þ
Z t
0
ðrij;k deij  eij;k drij þ Ej;k dDj  Dj;k dEjÞ
	 

dV s
¼ 0 ð11Þ
Total energy has been considered thus far, but it is clear, by focusing only mechanical part or electrical part in
Eq. (6), that the relations asZ
V s
ðrij;j þ fiÞdui
 
dV s þ
Z
S
fðT i  rijnjÞduigdS ¼ 0 ð12ÞZ
V s
/dðDi;i  qbÞf gdV s þ
Z
S
f/dðDini þ qsÞgdS ¼ 0 ð13Þhold, and the following relations also can be obtained through the discussion similar to from Eq. (7)–(11):wMk ¼
Z
S
ðW Mnk  T iui;kÞdS 
Z
V s
fiui;k þ
Z t
0
ðrij;k deij  eij;k drijÞ
	 

dV s ¼ 0 ð14Þ
wEk ¼
Z
S
ðW Enk  /qs;kÞdS 
Z
V s
/qb;k þ
Z t
0
ðEj;k dDj  Dj;k dEjÞ
	 

dV s ¼ 0 ð15Þ2.2.2. Path independent expression
LetC,Cu andCd be an arbitrary path surrounding the crack tip pathC(a), the path on upper crack surface and
the path on lower crack surface, respectively, in Fig. 1, and denote the closed area surrounded by path
C + Cu  C(a) + Cd byA. Two-dimensional problem is dealt with per unit thickness, so, the relation correspond-
ing to Eq. (11), when k = 1 and when body force and free charge are not considered for simplicity is given byw1 ¼
Z
CþCuCðaÞþCd
ðWn1  T iui;1  /qs;1ÞdC
Z
A
Z t
0
ðrij;1 deij  eij;1 drij þ Ej;1 dDj  Dj;1 dEjÞdA ¼ 0
ð16Þ
Here, since electrical impermeable condition is employed on crack surface, Ti = 0 and qs = 0 on Cu  C
(a) + Cd. Therefore, taking n1 = 0 and qs,1 = 0 on Cu and Cd and n1dC = dX2 on C(a) into consideration,
the following relation is obtained from Eqs. (1) and (16):E ¼
Z
CðaÞ
W dX 2
¼
Z
CðaÞ
/qs;l dCþ
Z
C
ðWnl  T iui;l  /qs;lÞdC
Z
A
Z t
0
ðrij;l deij  eij;l drij þ Ej;l dDj  Dj;l dEjÞdA ð17ÞMoreover, also for mechanical CED or electrical CED, the relations as
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Z
CðaÞ
W MdX 2 ¼
Z
C
ðW Mn1  T iui;1ÞdC
Z
A
Z t
0
ðrij;1 deij  eij;1 drijÞdA ð18Þ
EE ¼
Z
CðaÞ
W E dX 2 ¼
Z
CðaÞ
/qs;1 dCþ
Z
C
ðW En1  /qs;1ÞdC
Z
A
Z t
0
ðEj;1 dDj  Dj;1 dEjÞdA ð19Þare obtained from Eqs. (14), (15) and (3) in the same way. The integrals of the right-hand sides of Eqs. (17)–
(19) are path independent integrals that do not depend on how we take path C and they are the path indepen-
dent expressions of CED, mechanical CED and electrical CED, respectively.
We have not imposed any restrictions on the constitutive equations so far. Here, if the material behavior is
reversible, internal energy density U deﬁned byU ¼
Z t
0
dU ; dU ¼ rij deij þ Ei dDi þ T ds ð20Þis a state function, that is, a function of present values of strain eij, entropy density s and absolute temperature
T that does not depend on history, and the constitutive relations are given byrij ¼ oUoeij ; Ei ¼
oU
oDi
; T ¼ oU
os
ð21ÞIn this case, the relations asorij
oemn
¼ o
oemn
oU
oeij
 
¼ o
oeij
oU
oemn
 
¼ ormn
oeij
ð22:aÞ
oEi
oDm
¼ o
oDm
oU
oDi
 
¼ o
oDi
oU
oDm
 
¼ oEm
oDi
ð22:bÞhold, so, the ﬁrst and the second halves of integrand of area integral term in Eq. (17) can be transformed asrij;1 deij  eij;1 drij ¼ orijoemn emn;1 deij þ
orij
oDm
Dm;1 deij  eij;1 orijoemn demn  eij;1
orij
oDm
dDm
¼ orij
oDm
Dm;1 deij  orijoDm eij;1 dDm ð23:aÞandEi;1 dDi  Di;1 dEi ¼ oEioemn emn;1 dDi þ
oEi
oDm
Dm;1 dDi  Di;1 oEioemn demn  Di;1
oEi
oDm
dDm
¼ oEi
oemn
emn;1 dDi  Di;1 oEioemn demn ð23:bÞrespectively. Moreover, also the relation asorij
oDm
¼ o
oDm
oU
oeij
 
¼ o
oeij
oU
oDm
 
¼ oEm
oeij
ð24Þholds from Eq. (21). Thus, by applying Eq. (24) to Eqs. (23.a) and (23.b), it is easily seen that the integrand of
area integral term in Eq. (17) vanishes, that isrij;1 deij  eij;1 drij þ Ei;1 dDi  Di;1 dEi ¼ 0 ð25Þ
Therefore, when the material shows a reversible behavior, Eq. (17) is rewritten asE ¼
Z
CðaÞ
W dX 2 ¼
Z
CðaÞ
/qs;1 dCþ
Z
C
ðWn1  T iui;1  /qs;1ÞdC ð26ÞIt is worth noting that, although the area integral term for E vanishes, those for EM in Eq. (18) and for EE in
Eq. (19) do not vanish even when the material shows a reversible behavior.
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In this section, we discuss the loading path dependence of mechanical CED and electrical CED as a note-
worthy property of CED. When the behavior of material is reversible, extended strain energy density W
becomes equal to internal energy density U under isentropic process, as is seen from Eq. (2) and (20). As
for the case of isothermal process, W is equal to Helmholtz free energy density F (=U  Ts) since the relationdF ¼ dU  T ds ¼ dW ð27Þholds. These mean that W is the quantity determined by only present strain and electric displacement under
isentropic or isothermal process. Exactly speaking, there exists no suchW under general process. However, we
usually deal with the problem, assuming the existence ofW as a function of present strain and electric displace-
ment and giving a reversible constitutive relation among stress, strain, electric ﬁeld and electric displacement,
because in reality the eﬀect of entropy or temperature is usually very small.
Thus, when we consider a reversible behavior, W is regarded as a state function depending on just present
state and E deﬁned by Eq. (1) becomes also the quantity determined by only present state. However, even ifW
is such a quantity,WM andWE do not become the quantities determined by just present state, and also EM and
EE deﬁned by Eq. (3) become the quantities that depend on electromechanical loading history. This corre-
sponds to the fact that the evaluation of area integral term along loading history for EM in Eq. (18) or EE
in Eq. (19) is necessary, while the area integral term in Eq. (17) vanishes and E can be evaluated by Eq.
(26) just through the present values of each quantity. In order to make the state of things clearer, we concretely
discuss the case in which linear relations among stress, strain, electric ﬁeld and electric displacement are sup-
posed in the next.
Figs. 3 and 4 are the ﬁgures, supposing uniaxial state for brevity, proﬁled to show howWM andWE depend
on electromechanical loading sequence from the beginning to the present. Three cases are considered: (i) elec-
trical load is applied after mechanical load, (ii) mechanical load is applied after electrical load and (iii)
mechanical and electrical loads are applied proportionally at the same time. In the ﬁgures, OAC
!
, OBC
!
and
OC
!
illustrate the changes of stress and strain in Fig. 3 and the changes of electric ﬁeld and electric displace-
ment in Fig. 4 corresponding to above three cases, respectively, and the area under each loading path denotes
WM in Fig. 3 or WE in Fig. 4 (the area for case (i) is shaded in the ﬁgures). OA
!
and BC
!
parallel to each other
represent the change by mechanical load, and OB
!
and AC
!
also parallel to each other the change by electrical
load. Note that the gradient of change is substantially dependent upon the kind of applied load, that is,
mechanical, electrical or proportional load. As a result, WM and WE depend on loading history and, letting
WM(M! E) andWE(M! E) beWM andWE for case (i), for instance, those corresponding to the shadowed
portions in Figs. 3 and 4, respectively, are given byW MðM! EÞ ¼ 1
2
rMeM þ 12rEeE þ rMeE ð28:aÞ
W EðM! EÞ ¼ 1
2
EMDM þ 12EEDE þ EMDE ð28:bÞO
A
B
C
mechanical load
mechanical load
electrical load
electrical load
E
M E
M
Fig. 3. History dependence of WM.
AB
C
mechanical load
mechanical load
electrical load
electrical load
E
E M
M
D D D
Fig. 4. History dependence of WE.
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There is no doubt thatW(M! E) is the sum of Eqs. (28.a) and (28.b) and it does not depend on loading path,
so letting W(E!M) and W(M,E) be W for case (ii) and case (iii), respectively, the relation asW ðM! EÞ ¼ W ðE!MÞ ¼ W ðM;EÞ ð29Þ
must hold, and this means the areas of triangles OAC in Fig. 3 and in Fig. 4 are equal to each other, and so are
those of triangles OBC in Fig. 3 and in Fig. 4.
We should not overlook the fact that EM and EE depend on the electromechanical loading path even when
linear behavior is considered as well as when more general constitutive relation is considered.
2.2.4. Quantities related to CED and their path independent expressions
As for the fracture problems for piezoelectric material, we have been considering that CED would be a
major parameter. However, putting it aside for future research, we introduce, here, a few supplementary quan-
tities related to CED and derive their path independent expressions.
Deﬁne mechanical and electrical complementary energy area densities ﬁrst byEMc ¼
Z
CðaÞ
W Mc dX 2; E
E
c ¼
Z
CðaÞ
W Ec dX 2 ð30Þwhere subscript c denotes complementary quantity and the same for hereafter, and W Mc and W
E
c denote
mechanical and electrical complementary energy densities, respectively, given byW Mc ¼
Z t
0
eij drij; W Ec ¼
Z t
0
Di dEi ð31ÞAs is the case with Eqs. (12) and (13), the relations asZ
V s
fui dðrij;j þ fiÞgdV þ
Z
S
fui dðT i  rijnjÞgdS ¼ 0 ð32ÞZ
V s
fðDi;i  qbÞd/gdV þ
Z
S
fðDini þ qsÞd/gdS ¼ 0 ð33Þare derived from Eq. (5). Following the procedures similar to those to reach Eqs. (18) and (19), path indepen-
dent expressions of EMc and E
E
c are given asEMc ¼
Z
CðaÞ
W Mc dX 2 ¼
Z
C
ðW Mc n1  uiT i;1ÞdCþ
Z
CðaÞ
uiT i;1 dCþ
Z
A
Z t
0
ðrij;1 deij  eij;1 drijÞdA ð34Þ
EEc ¼
Z
CðaÞ
W Ec dX 2 ¼
Z
C
ðW Ec n1  qs/;1ÞdCþ
Z
A
Z t
0
ðEj;1 dDj  Dj;1 dEjÞdA ð35Þ
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Subsequently, we deﬁne Ec, E
H and EHc byEc ¼ EMc þ EEc ð36Þ
EH ¼ EM  EEc ð37Þ
EHc ¼ EMc  EE ð38ÞPath independent expressions for these quantities are directly obtained by using Eqs. (18), (19), (34) and (35).
In particular, since Eq. (25) holds when a reversible behavior is assumed, the area integral terms disappear and
they are given byEc ¼
Z
CðaÞ
uiT i;1 dCþ
Z
C
W Mc þ W Ec
 
n1  uiT i;1  qs/;1
 
dC ð39Þ
EH ¼
Z
C
W M  W Ec
 
n1  T iui;1 þ qs/;1
 
dC ¼
Z
C
ðHn1  T iui;1 þ qs/;1ÞdC ð40Þ
EHc ¼
Z
CðaÞ
ðuiT i;1  /qs;1ÞdCþ
Z
C
W Mc  W E
 
n1  uiT i;1 þ /qs;1
 
dC ð41Þwhere H in Eq. (40) is the quantity deﬁned by H ¼ W M  W Ec ¼ W  EiDi.
When we consider a reversible problem and regard W as a state function, Wc, H and Hc all become state
functions, because W c ¼ W Mc þ W Ec ¼ W  rijE ij  EiDi, H is the quantity deﬁned above and
H c ¼ W Mc  W E ¼ ðW  rijE ijÞ. Thus, Ec, EH and EHc have nothing to do with loading path like E. However,
EMc and E
E
c depend on loading path like E
M and EE even in case of reversible problem. Here, H is the quantity
called electric enthalpy density and it is known that EH has the meaning of electric enthalpy area density. It is
apparent from Eq. (40) that EH for the crack model of q = 0, EH(c), has the same form as that of the quantity
called J integral for piezoelectric material (Pak, 1992; Suo et al., 1992), thus we see that the J integral has the
meaning of electric enthalpy area density.
Conﬁning the problem to linear case and proportional load, following supplementary relation holds:W E ¼
Z t
0
Ei dDi ¼
Z t
0
Di dEi ¼ W Ec ð42ÞThus, EE and E can be rewritten asEE ¼ EEc ¼ EM  EH ¼
Z
C
ðW En1  qs/;1ÞdC
Z
A
Z t
0
ðrij;1 deij  eij;1 drijÞdA ð43Þ
E ¼ EM þ EE ¼
Z
C
ðWn1  T iui;1  qs/;1ÞdC 2
Z
A
Z t
0
ðrij;1 deij  eij;1 drijÞdA ð44ÞAs for the evaluation of EE and E, therefore, it becomes possible to avoid the calculation of the quantities on
the notch tip path C(a) in Eqs. (19) and (26), of which the accurate evaluation is considered to be somewhat
troublesome.
3. Energy release rate for piezoelectric materials
3.1. Derivation of energy release rate
Consider a piezoelectric material of which the constitutive equation is given by a reversible relation among
stress, strain, electric ﬁeld and electric displacement. The case where body force and free charge are not con-
sidered is dealt with again for simplicity. Crack model is a notch with a suﬃciently small root radius q as in
Fig. 1 and energy release rate for crack model of q = 0 is obtained as the limit when q! 0, of the result for
notch-like crack extension. Figs. 5(a) and (b) show the states around a notch-like crack just before crack exten-
sion (state 1; time t1) and just after crack extension (state 2; time t2), respectively. The extension of notch-like
crack is realized by removing the volume DV corresponding to crack extension length Da from the volume V of
( )a 1X
2X
a
S
a
V
( )a a+
state 1
1( )X
1 1,i iT u
s1 1,q
( )a 1X
2X
a
S
a
V
a a+
state 2 2 20,i iT u=
s2 20,q =
a b
Before extension After extension
Fig. 5. Crack extension.
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result of extension be zero. The released energy caused by crack extension, DE, is expressed asDE ¼ DL ðU 2  U 1Þ ð45Þ
where DL indicates the work done by external electromechanical loads during crack extension and U is the
total extended strain energy. Subscripts 1 and 2 mean that the quantities are for state 1 and for state 2, respec-
tively, and they are used, hereafter, in the same manner. The diﬀerence of total extended strain energy between
state 1 and state 2 can be expressed asDU ¼ U 1  U 2 ¼
Z
V
W 1 dV 
Z
VDV
W 2 dV ¼
Z
DV
W 1 dV 
Z
VDV
ðW 2  W 1ÞdV ð46ÞWe see that the ﬁrst term and the second term without minus sign of the last right-hand side in the above equa-
tion correspond to electromechanical work done to DV from initial state (state 0; time 0) to state 1 and that
done to V  DV from state 1 to state 2 by electromechanical loads on DS and external electromechanical
loads, respectively. Therefore, taking also the energy conservation law of Eq. (8) into consideration, the dif-
ference of total extended strain energy can be rewritten asDU ¼ 
Z
DS
Z t1
0
T DVi dui þ /dqDVs
 
dS 
Z
DS
Z t2
t1
T VDVi dui þ /dqVDVs
 
dS þ DL
	 

ð47Þwhere superscript DV and V  DV are attached to distinguish between the quantities for the volume DV and
for the volume V  DV on their boundary surface DS, and the negative sign in the ﬁrst term in the right-hand
side is because outward unit normal vector on the boundary of volume V  DV is employed. Substituting Eq.
(47) into Eq. (45) yieldsDE ¼ 
Z
DS
Z t1
0
T DVi dui þ /dqDVs
 
dS 
Z
DS
Z t2
t1
T VDVi dui þ /dqVDVs
 
dS ð48Þand it is known that released energy turns out to be irrespective of external work. In addition, taking that unit
thickness is considered in the direction of thickness into consideration, both integrals on DS of the ﬁrst and
second terms in the right-hand side of above equation can be separated as follows:
Z
DS
ðT idui þ /dqsÞdS
¼ 
Z aþDa
a
ðT i dui þ /dqsÞd dX 1 þ
Z
CðaþDaÞ
ðT i dui þ /dqsÞdCþ
Z a
aþDa
ðT i dui þ /dqsÞuðdX 1Þ
( )
ð49ÞHere, C(a + Da) is the semicircular path along the right edge of DV in Fig. 5; superscripts u and d denote upper
and lower parts of DS parallel to X1 axis, respectively, and the same goes also for hereafter.
In order to clarify the meaning of each term in Eq. (48), we turn over by using diagrams. Let us suppose
that a piezoelectric material behaves linearly for simplicity. Figs. 6(a) and (b) schematically depict the relations
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T
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Fig. 6. Energy variation with crack extension.
3914 B.-G. Nam, K. Watanabe / International Journal of Solids and Structures 44 (2007) 3904–3919between traction force and displacement and between electric potential and surface charge, respectively, at an
arbitrary point in X2P 0 on DS in Fig. 5, and show the variations of mechanical energy and electrical energy,
respectively, with loading and crack extension. Since generality is not lost, the relations, under external elec-
tromechanical loads that make stress, strain, electric ﬁeld and electric displacement positive under the condi-
tion letting displacement, rotation and electric potential be zero at the point of (X1,X2) = (a, 0) on crack tip,
are considered. The upper and lower parts across ui-axis in Fig. 6(a) show the behaviors of DV and V  DV,
respectively, and in Fig. 6(b) the left and right parts across /-axis show those of DV and V  DV, respectively.
Point O corresponds to state 0, points C and C 0 to state 1 on DV and on V  DV, respectively, point D to state
2 on V  DV, and point O 0, which coincides with point O, to state 2 on DV. The diﬀerence between points C
and C 0 comes from whether regarding traction force or surface charge at the same point on DS as the quantity
on DV or the quantity on V  DV, so, they are symmetric across ui-axis in Fig. 6(a) and symmetric across /-
axis in Fig. 6(b), and the same also for points A and A 0 and points B and B 0. Here, point A (A 0) and point B
(B 0) are on the way to point C (C 0), and paths OAC
!ðOA0C0! Þ;OBC!ðOBC0!Þ and OC!ð OC0!Þ correspond to the
three cases of loading path (i), (ii) and (iii) in Section 2.2.3, respectively. The gradient of each variation while
only mechanical or electrical load is applied must be kept constant, that is, OA
!
and OB
!
, for instance, are par-
allel to BC
!
and AC
!
, respectively, so, both OACB and OA 0C 0B 0 are parallelograms. The total work done to DV
from point A to point C does not depend on the loading path but just depend on the state at point C and is
given as the sum of area of triangle OCE in Fig. 6(a) and that of triangle OCF in Fig. 6(b). So, the areas of
triangle OAC(OBC) in Fig. 6(a) and that in Fig. 6(b) should be equal each other, and so do the areas of tri-
angle OA 0C 0(OB 0C 0) in Fig. 6(a) and that in Fig. 6(b).
When we consider the change of energy from state 1 to state 2 due to crack extension, it is natural to think
that electromechanical unloading caused by the creation of free surface occurs proportionally. So, the load
linearly varies from C to O 0 on DS of DV and also linearly varies from C 0 to D on DS of V  DV. Now,
we consider, for example, the case where electric loading is applied after mechanical load. As is indicated
by arrows in Fig. 6, the change from state 0 to state 2 via state 1 is shown by O–A–C–O 0 for the side of
DV and by O–A 0–C 0–D for the side of V  DV. When we dissect out the right-hand side of Eq. (48), taking
the negative sign in front of each term into account, its ﬁrst, second, third and fourth terms correspond to the
area of OACE in Fig. 6(a), the area of OACF in Fig. 6(b), the area of C 0DE in Fig. 6(a) and – (the area of
C 0DOF 0 in Fig. 6(b)), respectively. Note that the forth term takes negative value while the others take positive
ones. Thus, the released energy due to crack extension ﬁnally corresponds to the diﬀerence by subtracting the
shadowed portion of Fig. 6(b) from that of Fig. 6(a). The same thing may be said for the piezoelectric body
that behaves nonlinearly, although the position of point C (C 0), D or O 0 may depend on loading path because
the uniqueness of the solution is not assured.
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Now, consider the case when Da approaches 0. In this case, the contributions from the upper and lower
surfaces in Eq. (49) disappear and Eq. (49) becomes expressed as
Z
DS
ðT i dui þ /dqsÞdS ¼ 
Z
CðaþDaÞ
ðT i dui þ /dqsÞdC ð50ÞTaking into account that C(a + Da) gets nearer to the free surface C(a) without limit, we compare the orders of
each term in the right-hand side of Eq. (48) with reference to Figs. 5 and 6. T DVi1 ð¼ T VDVi1 Þ ! 0 and
qDVs1 ð¼ qVDVs1 Þ ! 0 while ui1 and /1 remain ﬁnite, so both terms in the ﬁrst term of Eq. (48) become inﬁ-
nitely small in the ﬁrst order. On the other hand, since ui2  ui1! 0 corresponding to
T VDVi2 ð¼ 0Þ  T VDVi1 ! 0, the ﬁrst term in the second term becomes inﬁnitely small in the second order
but, although /2  /1! 0 corresponding to qVDVs2 ð¼ 0Þ  qVDVs1 ! 0, the second one becomes inﬁnitely small
in the ﬁrst order because /1 is ﬁnite (refer to Fig. 6(b)). Therefore, Eq. (48) becomesDE ¼ 
Z
DS
Z t1
0
T DVi dui þ /dqDVs
 
dS 
Z
DS
Z t2
t1
/dqVDVs
 
dS ð51Þand, taking into consideration in Fig. 6(b) that triangle C 0DE is inﬁnitely small in the second order and, the
area of rectangular OEC 0F 0 is equivalent to that of OECF, Eq. (51) is expressed byDE ¼
Z
DV
W 1 dV 
Z
DV
W E1 þ W Ec1
 
dV ¼
Z
DV
W M1  W Ec1
 
dV ð52ÞMoreover, using C(X1) that is a semicircular path in front of crack tip shown in Fig. 5(a), above equation can
be rewritten also byDE ¼
Z aþDa
a
Z
CðX 1Þ
W 1  W E1 þ W Ec1
  
dX 2
" #
dX 1 ¼
Z aþDa
a
Z
CðX 1Þ
W M1  W Ec1
 
dX 2
( )
dX 1 ð53ÞThus, the energy release rate Gi) is given asGiÞ ¼ lim
Da!0
DE
Da
 
¼
Z
CðaÞ
W  W E þ W Ec
  
dX 2 ¼
Z
CðaÞ
W M  W Ec
 
dX 2 ¼ E  EE þ EEc
 
¼ EM  EEc ¼ EH ð54Þ
by applying Eqs. (1), (3), (30) and (37). Here, subscript 1 is taken away because the discrimination by attaching
it has become unnecessary. Accordingly, the energy release rate for the crack model of q = 0 is obtained, by
taking the limit when q! 0 in Eq. (54), asGðcÞiÞ ¼ limq!0GiÞ ¼ E
ðcÞ  EEðcÞ þ EEðcÞc
  ¼ EMðcÞ  EEðcÞc ¼ EHðcÞ ¼ J ð55Þ
and this corresponds to the well-known result that J integral is equivalent to energy release rate for an imper-
meable crack. Here, C(a) along crack tip naturally comes to a point when q! 0, so, it goes without saying
that volume removal to let a crack extend does not occur, and just the removal of energy stored as strain ener-
gy area density E(c) (just E(c) in Eq. (55) corresponds to the energy stored in volume DV; see Eq. (51)), that is,
the release of the energy occurs.
3.1.2. Energy release rate 2
The energy release rate was derived by performing q! 0 after Da! 0 in Section 3.1.1. Here, we think of
the case where performing Da! 0 after q! 0, reversely. Let Dui and D/ be the relative displacement and elec-
tric potential jump between upper and lower parts of DS at a certain X1, respectively, given by Dui ¼ uui  udi
and D/ = /u  /d. When ui is replaced by Dui in Fig. 6(a) and / by D/ in Fig. 6(b) as are shown in the paren-
theses, these ﬁgures are grasped to show the relations between traction force on upper part of DS and relative
displacement at X1 and between electric potential jump and surface charge on upper part of DS at X1, respec-
tively, while changing from state 0 to state 2. When q! 0, the second term in the right-hand side of Eq. (49)
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Eq. (49) can be expressed as
Z
DS
ðT i dui þ /dqsÞdS ¼ 
Z aþDa
a
ðT i duiÞu þ ðT i duiÞd
n o
þ ð/dqsÞu þ ð/dqsÞd
n oh i
dX 1
¼ 
Z aþDa
a
T ui dðDuiÞ þ D/dqds
 
dX 1
ð56ÞAccordingly, when Dui and D/ are employed in Fig. 6, regarding corresponding two points as a pair, each area
in the ﬁgure has the same meaning as in the foregoing discussion in the limit of q! 0, and we compare again
the orders of each term of the right-hand side in Eq. (48).
That is, when q! 0, the ﬁrst term of Eq. (48) has the order of1 · 0 as T DVi1 ¼ T VDVi1
 !1, Dui1! 0,
qDVs1 ¼ qVDVs1
 ! 1 and D/1! 0. On the other hand, the second term has the order of1 · ﬁnite value as
T VDVi2 ð¼ 0Þ  T VDVi1 !1, Dui2  Dui1 (!0)! ﬁnite value, qVDVs2 ð¼ 0Þ  qVDVs1 ! 1 and D/2  D/1
(!0)! (negative) ﬁnite value. Therefore, the ﬁrst term can be neglected, and, taking the relation of Eq.
(56) into account and using the traction force and surface charge working on V  DV (superscript V  DV
is omitted hereafter), the relation of Eq. (48) is given byDE ¼ 
Z aþDa
a
Z t2
t1
T ui dðDuiÞ þ D/dqus
 
dX 1 ð57Þand, moreover, applying the relation that T ui ¼ ruijnuj ¼ rui2 and qus ¼ Dui nui ¼ Du2 (n1 = 0, n2 = 1), it is writ-
ten also asDE ¼
Z aþDa
a
Z t2
t1
fri2 dðDuiÞ  D/dD2gdX 1 ð58ÞHere, superscript u is omitted since rui2 ¼ rdi2 and Du2 ¼ Dd2 hold and no discrimination is necessary. In case of a
linear problem, particularly, point C 0, as q approaches 0, becomes in accord with point F 0 on qVDVs axis in
Fig. 6(b) and the change from state 1 to state 2 is expressed by straight line C0D
!
. Thus, considering also that
dDu2 is negative with the change, Eq. (58) can be rewritten as follows:DE ¼ 1
2
Z aþDa
a
ri2ðX 1ÞDuiðX 1  DaÞ þ D/ðX 1  DaÞD2ðX 1Þf gdX 1 ð59ÞHere, ri2 (X1) and D2 (X1) denote, respectively, stress and electric displacement in front of crack tip in state 1;
Dui(X1  Da) and D/(X1  Da) denote relative displacement and electric potential jump in the rear side of
crack tip in state 2, respectively.
After all, energy release rate is obtained by substituting Eq. (58) forGðcÞiiÞ ¼ limDa!0 
DE
Da
 
ð60Þand, particularly in case of a linear problem, it is obtained also by substituting Eq. (59) for above equa-
tion. The latter corresponds to the conventional expression of energy release rate for piezoelectric
material.
3.2. Some discussions
The energy release rate is deﬁned as ‘‘the energy, released when a crack extends by a point of crack tip
before extension, expressed per unit extension’’, and two corresponding quantities, that is, GðcÞiÞ (Eq. (55))
and GðcÞiiÞ (Eq. (60)) were derived. As to Eq. (55) ﬁrst, the ﬁrst term in the third side means the energy that
is stored at a crack tip point before crack extension as strain energy area density E(c) and transferred to
released energy by opening the crack tip point with crack extension. The second term corresponds to the elec-
trical energy, expressed per unit extension, released by letting new crack tip point after crack extension be elec-
trically free, of which the value is equal to ðEEðcÞ þ EEðcÞc Þ. And, the third equality in Eq. (55) means that the
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EEðcÞc , that is, E
H(c), and, eventually, equal to the value of J integral. The physical meaning of EH(c) is absolutely
electric enthalpy area density and it is understood that its value is just consistent with that of energy release
rate. The same thing can be said for the relation between J integral and energy release rate.
On the other hand, GðcÞiiÞ is the sum of energies, expressed per unit extension, mechanically and electrically
released to let new crack tip point be mechanically and electrically free, and it corresponds to the conventional
energy release rate for piezoelectric material. It can be separated into its mechanical part, GMðcÞiiÞ , and electrical
part, GEðcÞiiÞ , as was done in the past (Park and Sun, 1995). In case the crack tip singular solutions are given, G
ðcÞ
iiÞ
is expressed explicitly by applying the solutions to Eqs. (59) and (60). For an example, Sosa (1992) derived the
singular solution for an inﬁnite cracked piezoelectric medium, of which the poling direction is parallel to X2-
axis, under combined electromechanical loads (r111, r
1
22, r
1
12, D
1
1 , D
1
2 ) at inﬁnity as shown in Fig. 7. When we
employ this solution, GMðcÞiiÞ and G
EðcÞ
iiÞ are obtained asGMðcÞiiÞ ¼
pa
2
Im
X3
k¼1
qkKk1ðr122Þ2 þ Im
X3
k¼1
pkKk2ðr112Þ2 þ Im
X3
k¼1
ðqkKk2  pkKk1Þr122r112 þ Im
X3
k¼1
pkKk3r
1
12D
1
2
(
þ Im
X3
k¼1
qkKk3r
1
22D
1
2
)
ð61:aÞ
GEðcÞiiÞ ¼
pa
2
Im
X3
k¼1
rkKk1r122D
1
2  Im
X3
k¼1
rkKk2r112D
1
2  Im
X3
k¼1
rkKk3ðD12 Þ2
( )
ð61:bÞwhere qk, pk, rk and Kki are the constants determined from material properties and refer to reference (Sosa
(1992)) for their speciﬁc expressions. It goes without saying that GðcÞiiÞ is given as the sum of Eqs. (61.a) and
(61.b).
Here, we need to examine whether the two energy release rates, GðcÞiÞ and G
ðcÞ
iiÞ , are identical or not, and
whether GðcÞiÞ can be separated into their mechanical and electrical parts as G
ðcÞ
iiÞ or not. Let us look over whether
they are identical or not, ﬁrst. The value of EH(c) (J integral) can be calculated by taking a circular path close to
the crack tip as an arbitrary path C and applying the singular solution to Eq. (40). We compared the value by
commercial software MATHEMATICA with GðcÞiiÞ calculated as the sum of Eqs. (61.a) and (61.b) and con-
ﬁrmed that GðcÞiÞ (E
H(c) or J integral) and GðcÞiiÞ coincide exactly in their values. Thus, it is thought that the
two energy release rates agree with each other at least for a linear problem, and, even in case of nonlinear
problem, although a straightforward veriﬁcation is diﬃcult, we may conclude that both coincide and the fol-
lowing relations hold:GðcÞiÞ ¼ ðEHðcÞ ¼ JÞ ¼ GðcÞiiÞ ¼ GMðcÞiiÞ þ GEðcÞiiÞ ð62Þ2a
1X
2X22σ
∞
12σ
∞
11σ
∞
2D
∞
1
D
∞
Poling direction
Fig. 7. Piezoelectric inﬁnite medium with a central crack under electromechanical loadings.
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M(c) and EE(c)
in Eq. (55) look correspondent with them, respectively, but it is clear that they are dependent upon loading
history and diﬀerent from GMðcÞiiÞ and G
EðcÞ
iiÞ in their values as well as in their meanings. C is an arbitrary path
surrounding a crack tip, so, let us take the path Cq, that is along DS and partly includes C(a + D a) in Fig. 5(a),
as C. Then, since the contribution of C(a + Da) in Eq. (40) vanishes, when q! 0, and n1 = 0 on upper and
lower surfaces, the relation asEHðcÞ ¼ EMðcÞ  EEðcÞc ¼ limq!0
Z
Cq
ðT iui;1ÞdCþ lim
q!0
Z
Cq
ðqs/;1ÞdC ð63Þis obtained from Eqs. (37) and (40). While EM(c) and EEðcÞc are dependent on the loading history, the ﬁrst and
second terms in the above right-hand side are determined only by mechanical and electrical quantities, respec-
tively, and independent of loading history. So, when we denote the ﬁrst term and second terms by GMðcÞiÞ and
GEðcÞiÞ , respectively, and the area enclosed by Cq  C(a) denote by Aq, the relations asGMðcÞiÞ ¼ limq!0
Z
Cq
ðT iui;1ÞdC ¼ EMðcÞ þ lim
q!0
Z
Aq
Z t
0
ðrij;1 deij  eij;1 drijÞdA ð64:aÞ
GEðcÞiÞ ¼ limq!0
Z
Cq
ðqs/;1ÞdC ¼ EEðcÞc þ limq!0
Z
Aq
Z t
0
ðEj;1 dDj  Dj;1 dEiÞdA ð64:bÞare derived also by employing Eqs. (18) and (35), and these are the mechanical and electrical parts of GðcÞiÞ ,
respectively. When the sum of them is taken, it is natural that their area integral terms should be cancelled
out each other due to the relation of Eq. (25). From the relation of Eq. (62), it is thought that GMðcÞiÞ and
GEðcÞiÞ should have the same value with G
MðcÞ
iiÞ and G
EðcÞ
iiÞ , respectively.
4. Conclusions
The CED and its mechanical and electrical parts (mechanical and electrical CEDs), moreover, some quan-
tities related to them were newly deﬁned for piezoelectric material and their path independent expressions use-
ful in the evaluations of them were obtained. Also, taking the new knowledge about CED into consideration,
the energy release rate for the material was discussed and the relations among energy release rate, J integral
and newly deﬁned quantities were made clear.
It should be emphasized that, unlike the energy release rate that is deﬁned by considering two states for two
crack lengths before and after crack extension, CED is the extended strain energy area density expressing the
severity of crack tip point deﬁned without thinking of crack extension. The authors are thinking that what has
to be paid attention to as a major fracture parameter is not the energy release rate but the very CED, and are
going to show its applicability to fracture behaviors of piezoelectric materials in the coming papers. The fun-
damentals to develop CED-based fracture mechanics were given in this work.
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